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Abstract
It is shown that in a quantized space determined by the B2 (O(5) = Sp(4)) algebra
with three dimensional parameters of the length L2, momentum (Mc)2, and action S, the
spectrum of the Coulomb problem with conserving Runge-Lenz vector coincides with the
spectrum found by Schro¨dinger for the space of constant curvature but with the values of
the principal quantum number limited from the side of higher values. The same problem
is solved for the spectrum of a harmonic oscillator.
E-Mail: andrey@buzon.uaem.mx
1 Introduction
The idea of uniting a manifold with its invariant group (the group of its motions) seems to be
necessary found in the Erlangent program by F.Klein [1].
All physical phenomena take place in a four-dimensional manifold described by four space-
time coordinates xi and a 10-parametric group of its motions (the Poincare group) with 4
generators of the displacements pi and 6 generators of the Lorentz rotations Fij.
All these objects obviously satisfy the following system of commutation relations
[pi, xj ] = ihgijI, [pi, pj] = 0, [xi, xj ] = 0,
[I, xj] = 0, [I, pi] = 0, [I, Fij] = 0
[Fij , xs] = ih(gisxj − gjsxi), [Fij , ps] = ih(gispj − gjspi) (1.1)
[Fij , Fsk] = ih(gjsFik − gisFjk − gjkFis + gikFjs)
In (1.1) h, is the Planck constant, gik is the signature of the four-dimensional coordinate space,
and I is the unity element of the algebra commuting with all its elements (and so belonging to
the center of the algebra).
Algebra (1.1) consists of 15 elements, possesses 3 Casimir operators, and, when the spin
generators Sij = Fij−xipj+xjpi (the total moment minus its orbital part) are introduced, can
be represented in the form
K1 = I, K2 =
∑
SijSij , K3 =
∑
ǫijklSijSkl
Hence, it follows that irreducible representations of algebra (1.1) can be realized on the basis
functions ψs1,s2α,β (x). The action of generators of the algebra in this basis has the following form
pk = ih
∂
∂xk
, Fij = xipj − xjpi + Sij
where xk act as operators of multiplication, and operators Sij act on spin indices α, β of the
wave function ψs1,s2.
The algebra (1.1) is transformed to the algebra of a quantum space under the following
two conditions: The dimensions and meaning of the generators (as coordinates, momenta,
and so on) should be preserved; 2. the new algebra should contain the Lorentz algebra as its
subalgebra. So the property of the Lorentz symmetry is conserved as a fundamental law of the
nature. Implicitly, it is also assumed that the algebra should be a linear one. The last condition
is not necessary, but in what follows, we will assume that it takes place.
The most general form of the commutation relations of the quantum space is the following:
[pi, xj ] = ih(gijI +
Fij
S
), [pi, pj] =
ih
L2
Fij , [xi, xj] =
ih
M2
Fij ,
[I, pi] = ih(
pi
S
−
xi
L2
), [I, xi] = ih(
pi
M2
−
xi
S
), [I, Fij] = 0 (1.2)
[Fij , xs] = ih(gisxj − gjsxi), [Fij , ps] = ih(gispj − gjspi)
[Fij , Fsk] = ih(gjsFik − gisFjk − gjkFis + gikFjs)
Commutation relations of the quantum space contain 3 dimensional parameters: the dimension
length L, the momentum Mc → M , and the action S. The Jacobi equalities are satisfied for
1
(1.2). If it is assumed that the transition to the classical dynamics is realized by the conventional
change:
1
h
[A,B]→ {A,B}
(transition from commutators to the Poisson brackets), then it is necessary to conclude that
values of the dimensional parameters are on the cosmic scale in order to have usual dynamics
at least at distances of the order of the Sun system.
The limiting procedure M2, S → inf leads to the space of constant curvature considered
in the connection with the Coulomb problem by E. Schro¨dinger [2]; L2, S → inf leads to the
quantum space considered by Snyder [3]; and S → inf leads to the Yang quantum space [4].
The parameter of action S additional to L2,M2 was introduced in [5].
The term ”quantum (or quantized) space” is not very useful, because the modified classical
dynamics can be considered in it (as well as electrodynamics, gravity theory and, so on).
2 Quantum space in 3 dimensions
Since in what follows, we will consider the three-dimensional stationary problems, we would
like here to examine quantum spaces in three dimensions more accurately. In this case, the
system (1.2) is reduced to
[pi, xj ] = ih(δijI +
ǫijkik
S
), [pi, pj] =
ih
L2
ǫijklk, [xi, xj ] =
ih
M2
ǫijklk,
[I, pi] = ih(−
pi
S
+
xi
L2
), [I, xi] = ih(−
pi
M2
+
xi
S
), [I, li] = 0 (2.3)
[li, xs] = ihǫsijxj , [li, ps] = ihǫsijpj
[li, ls] = ihǫisjlj
Algebra (2.3) is 10-dimensional and possesses two Casimir operators. The quadratic Casimir
operator is of the form
K2 = I
2 +
x2
L2
+
p2
M2
−
px+ xp
S
+ l2(−
1
S2
+
1
L2M2
)
where a2 = a21 + a
2
2 + a
2
3, and the fact of commutation of K2 with all generators of the algebra
(2.3) can be checked by a direct calculation.
The Cartan-Killing form K2 is quadratic in the generators of the algebra and can be trans-
formed to the main axes, for instance, in the following way
K2 = I
2 + x2(
1
L2
−
M2
S2
) +
1
M2
(pi −M
2xi
S
)2 + l2(−
1
S2
+
1
L2M2
) (2.4)
We draw attention of the reader that the signs of the constants M2, L2 are fixed just as the
sign of dimensionless constant (1 − (LM
S
)2) in the expression for K2. Depending on its choice,
there are possible the foliowing semicompact algebras are possible: O(5), O(1, 4), O(2, 3) and
their limiting cases when dimensional parameters are going to infinity, as it was mentioned in
the Introduction. For definiteness, in what follows we restrict ourselves to the case of O(5),
which corresponds to the choice 0 ≤ L2, 0 ≤M2, 0 ≤ 1− (LM
S
)2.
2
To understand the meaning of the algebra (2.3) more precisely, it is useful to carry out the
following identification:
I = ihF45, xi =
ih
M
F4i, pi −M
2xi
S
=
ih
L
F5i, li =
ih
2
ǫ(i, k, l)Fkl (2.5)
where Fα,β are the generators of B2 (O(5)) algebra.
To derive an explicit expression for the Casimir operator of the fourth order, let us consider
the vector
ihSi = [pi, (xl)] = [(pl), xi], Si = ǫijkxjpk + (I −
ih
S
)li = −ǫijkpjxk + (I +
ih
S
)li
where (AB) = A1B1 + A2B2 + A3B3. The equivalence of two forms for the vector S can be
checked by a direct calculation. From this it follows that in the limit of infinite values of
dimensional parameters, this vector passes into the spin vector of the usual theory. By direct
calculations, one can be convinced that this vector satisfies the following commutation relations
[Si, xs] = δis[I, (xl)] = δis(−
(pl)
M2
+
(xl)
S
), [Si, ps] = δis[I, (pl)] = δis(−
(pl)
S
+
(xl)
L2
)
[I, Si] = 0, [Si, xj ] = [Sj , xi], [Si, pj] = [Sj , pi]
Using the above relations, it is not difficult to check that the Casimir operator of the fourth
order has the form
K4 =
∑
S2i −
(pl)2
M2
+
(pl)(xl) + (xl)(pl)
S
−
(xl)2
L2
From this expression it follows that in the scalar representation (K4 = 0), the equalities (lp) =
(lx) = 0 are satisfied.
3 Scalar representation of algebra of the quantum space
Connection between the elements of a quantized space with generators of O(5) algebra (2.5)
makes it possible to express them explicitly with the help of the well-known Gelfand-Zeitlin
formulae [6] for irreducible representations of O(5) algebra. We will require only the matrix
elements of the following operators I, px + xp, x2, p2, l2, (lp), (lx) invariant with respect to the
rotation group. In what follows, it will be more suitable to find them independently. As it is
mentioned above, the scalar representation obeys the relations
(lp) = (lx) = 0, xipj − xjpi = −(I −
ih
S
)ǫijklk, pixj − pjxi = (I +
ih
S
)ǫijklk
With the help of the last relations, the (nonlinear) algebra of the commutation relations for
the quantities we are interested in can be written as (of course, in the process of calculation it
is necessary to use (2.3))
[I, p2] = ih(
D
L2
−
2p2
S
), [I, x2] = ih(−
D
M2
+
2x2
S
), [I,D] = 2ih(
x2
L2
−
p2
M2
)
[p2, x2] = ih(DI + ID + 4
l2
S
+ 6
h2
S
), (3.6)
3
[D, x2] = i2h((x2 +
l2
M2
)I + I(x2 +
l2
M2
) +
3h2
2M2
)
[D, p2] = 2ih((p2 +
l2
L2
)I + I(p2 +
l2
L2
) +
3h2
2L2
)
where the notation for the dilation operatorD = px+xp was introduced. The nonlinear algebra
(3.6) consists of 5 elements and possesses 3 Casimir operators-two of the initial algebra of the
quantized space (one of which is equal to zero in its scalar representation) and the operator l2
belonging to the center of this algebra. So, it can be realized on the one-dimensional space. For
it, we choose the proper values of the operator r2 = x2 + l
2
M2
+ h
2
M2
that differs from the usual
form of the Casimir operator of the algebra of four-dimensional rotations with the generators
(Mxi, li) (see (2.3) by the last term. Thus, we conclude that
(r2)n,n =
h2
M2
(n+ 1)2
This formula allows us to to speak about the matrix elements of the r operator with diagonal
matrix elements rn,n =
h
M
(n+ 1) and without a singularity at the origin n = 0.
The commutation relations for the x2 generator (3.6) rewritten in terms of the operator r2
[I, r2] = ih(
2r2
S
− (
D + 2 l
2
S
+ 2h
2
S
)
M2
), [D, r2] = ih(2(r2I + Ir2)−
h2
M2
I)
make it possible to connect the matrix elements of I and D operators (different from zero) and
once again in a different way to obtain diagonal matrix elements of the r2 operator
Dn+1,n = −ih(2n + 3)In+1,n, Dn−1,n = ih(2n+ 1)In−1,n,
Dn,n =
2h2
S
((n+ 1)2 − l(l + 1)− 1), In,n = 0
Commutation relations (3.6) with p2 give a possibility to calculate the matrix elements of
this operator via matrix elements of the I generator
p2n,n =
h2
L2
((n+ 1)2 − l(l + 1)− 1) +M2((2n+ 3)In+1,nIn,n+1 − (2n+ 1)In,n−1In−1,n)
p2n−1,n =
ih2
S
M2(2n+ 1)In−1,n, p
2
n,n−1 =
ih
S
M2(2n+ 1)In,n−1
p2n−2,n = −M
2In−2,n−1In−1,n, p
2
n,n−2 = −M
2In,n−1In−1,n−2
The quadratic Casimir operator (2.4) allows us to calculate the explicit form for matrix
elements of the generator I
K2 = 2(n+ 2)In,n+1In+1,n − 2nIn,n−1In−1,n + h
2(
1
M2L2
−
1
S2
)(2(n+ 1)2 − l(l + 1)− 2) (3.7)
It is necessary to keep in mind that l ≤ n, and for this reason the matrix element In,n−1(l)
equals zero if n = l. Multiplying both sides of the last equality by (n+1) and summing up the
result from n = l up to n+ 1, we obtain
K2((n+ 1)(n+ 2)− l(l + 1)) = 4(n+ 1)(n+ 2)In,n+1In+1,n + h
2(
1
M2L2
−
1
S2
)×
4
([(n+ 1)(n+ 2)]2 − [l(l + 1)]2 − [l(l + 1) + 2]((n+ 1)(n+ 2)− l(l + 1))
In the process of calculation, we have used the following formulae of summation
n∑
k=1
k =
n(n+ 1)
2
n∑
k=1
k3 = [
n(n + 1)
2
]2
Introducing the notation 0 ≤ δ2 ≡ h2( 1
M2L2
− 1
S2
) and representing K2 as K2 = δ
2σ(σ + 3), we
obtain for the matrix element In,n+1In+1,n
4In.n+1In+1,n = δ
2 (σ − n)(σ + n + 3)(n− l + 1)(n+ l + 2)
(n+ 1)(n+ 2)
Omitting the phase factor for the matrix element In,n+1, we obtain finally
In,n+1 =
δ
2
√√√√(σ − n)(σ + n+ 3)(n− l + 1)(n+ l + 2)
(n + 1)(n+ 2)
(3.8)
In terms of matrix elements of this operator, the matrix elements of all generators of the algebra
of the quantized space can be expressed via the formulae of this section. In the last formula
and before, σ = N is a positive natural number. Only with this choice of σ, the constructed
representation is unitary, and all the generators involved would be the Hermitian ones.
4 The guess of the Runge-Lenz vector
A priori, we do not know the explicit form of the Coulomb potential in the case of the quantized
space, and there is an infinite number of possibilities to write down its generalization with a
correct limit after passing to the usual space. But we assume that the symmetry properties of a
dynamic system are the most fundamental criterion and that these properties must be conserved
in the case of the quantized space. We know that the usual Kepler problem is invariant with
respect to the Runge-Lenz symmetry described by the vector of the same name.
So, we begin our investigation with the explicit form of the Runge-Lenz vector Ai in the case
of the quantum space, taking into account the additional noncommutativity of its components
connected with coordinates (xi). Below, we present the explicit form for components of the
Runge-Lenz vector (see, for instance, [9])
A1 = l2p3 − p2l3 +
αx1
r
≡ p3l2 − l3p2 +
αx1
r
A2 = l3p1 − p3l1 +
αx2
r
≡ p1l3 − l1p3 +
αx2
r
(4.9)
A3 = l1p2 − p1l2 +
αx3
r
≡ p2l1 − l1p2 +
αx3
r
Using the above definition, it is not difficult to calculate the commutation relations between
components of the R-L vector in the scalar representation of the quantum space ((xl) = (pl) =
0, xipj − xjpi = −(I −
ih
S
)ǫijklk) with the result
[Ai, Aj] = ih(
α2
M2r2
−
i
h
(
α
r
(xp)− (px)
α
r
)− p2 +
l2
L2
)ǫijsls (4.10)
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By the same technique for the square of the R-L vector, we derive
A2 =
α2x2
r2
+ ih(
α
r
(xp)− (px)
α
r
) + h2(p2 −
l2
L2
) + l2(
α
r
I + I
α
r
) + l2p2 (4.11)
Using the explicit form of the matrix elements of quantized space from the previous section,
we come to the following fundamental (for us) equality
i
h
(
α
r
(xp)− (px)
α
r
) =
α
r
I + I
α
r
Taking into acount the definition of r2 = x2 + l
2
M2
+ h
2
M2
and the last equality, we can rewrite
the square of the Runge-Lenz vector as follows
A2 = α2 + 2E(l2 + h2)−
l2
L2
(l2 + 2h2) (4.12)
where
2E = (p2 +
l2
L2
+ (
α
r
I + I
α
r
)−
α2
r2M2
) (4.13)
Now we would like to show that each component of the R-L vector commutes with the E
operator. With the help of the known matrix elements of the algebra of quantum space of the
previous section, it is possible to check this directly. A shorter way consists in the consideration
of the commutator [A2, Ai]. Thus, using (4.12), we have for both the sides of this equality
[A2, Aj] = Ai[Ai, Aj] + [Ai, Aj]Ai = 2ih([A× l]j(E −
l2
l2
)− 2ih(E −
l2
l2
)[l × A]j =
2[E,Aj](h
2+ l2) + 2E([A× l]j − [l×A]j)− ([A× l]j − [l×A]j))
l2 + h2
L2
−
l2
L2
([A× l]j − [l×A]j)
After equating similar terms from both the sides of the last equality, we arrive at the equation
for the vector [E,Ai] ≡ Bi
Bj(l
2 + h2) + ih[B × l]j = 0,
¿from which it immediately follows that
(Bl) = 0
For the vector product of the vector B by l, we find
[B × l] = iB
or B = [E,A] = 0, or in other words, the operator E commutes with every component of the
R-L vector. This fact allows us to use the technique of the paper [7] (the reader can there find
the corresponding references on the same subject) and to obtain the spectrum of the energy
operator E.
Thus, in the case of the quantum space with dimensional parameters M,L, S, the spectrum
of this operator depends only on the L parameter and has the form found by Schro¨dinger in
ref. [?] for the space of constant curvature
2En = −
α2
h2n2
+
h2
L2
(n2 − 1), l ≤ n (4.14)
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But in the case of the quantum space of the general position, the values of n are restricted
by the condition
l ≤ n ≤ N
that will be clear from the results of the next section.
We would like to notice also that in the generalized Snyder quantum space (L2 → inf), the
spectrum of the hydrogen atom exactly coincides with the spectrum in the case of the flat space.
And so, in principle, by the spectroscopic data, these two possibilities cannot be distinguished.
5 The Schro¨dinger equation of the quantum space
The Schro¨dinger equation(4.13) can be rewritten as the equation in finite differences
2Enψn = −M
2In,n+1In+1,n+2ψn+2 +M
2(
α
hM(n + 2)(n+ 1)
+
ih
S
)(2n+ 3)In,n+1ψn+1+
(
h2
L2
n(n+ 2) +M2((2n+ 3)In+1,nIn,n+1 − (2n+ 1)In,n−1In−1,n −
α2
h2(n + 1)2
)ψn + (5.15)
M2(
α
hM(n(n + 1)
−
ih
S
)(2n+ 1)In,n−1ψn−1 −M
2In,n−1In−1,n−2ψn−2
Now we would like to find the way to solve it directly. For this aim, let us once more rewrite
(5.15), introducing the abbreviation: α→ α
Mh
, E → E
M2
, en = −
α2
(n+1)2
+ h
2
M2L2
((n+1)2− 1)
2Eψn = −In,n+1In+1,n+2ψn+2 + (
α
(n+ 2)(n+ 1)
+
ih
S
)(2n+ 3)In,n+1ψn+1+
(en + (2n+ 3)In+1,nIn,n+1 − (2n+ 1)In,n−1In−1,n)ψn (5.16)
(
α
n(n+ 1)
−
ih
S
)(2n+ 1)In,n−1ψn−1 − In,n−1In−1,n−2ψn−2
Comparing this with (4.14), we conclude that to have a correct spectrum, the energy operator
should be expressed in the form
2E = UeU−1, U−1 = U∗
where e is a diagonal matrix with diagonal elements en, l ≤ n ≤ N .
The most simple way to check this assumption is to calculate the traces of consequent
degrees of the energy matrix. Using the main relation of section 4, rewritten below (only for
convenience with the new abbreviation)
In.n+1In+1,n =
δ2
4
(σ − n)(σ + n + 3)(n− l + 1)(n+ l + 2)
(n+ 1)(n+ 2)
≡ xn+1 (5.17)
we immediately conclude that
Trace 2E =
n=N∑
n=l
en
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Using the notation (5.17) and definition of the energy matrix (5.16), we obtain for the trace
Trace (2E)2 =
n=N∑
n=l
(e2n + xnxn−1 + xn+1xn+2+
(
α2
n2(n+ 1)2
+
h2
S2
)(2n+ 1)2xn + (
α2
(n+ 2)2(n + 1)2
+
h2
S2
)(2n+ 3)2xn+1+
2en((2n+ 3)xn+1 − (2n + 1)xn) + (2n+ 3)
2x2n+1 + (2n+ 1)
2x2n − 2(2n+ 3)(2n+ 1)xn+1xn)
With all the above definitions, it is not difficult to get
Trace (2E)2 =
n=N∑
n=l
e2n
We restrict ourselves to this consideration keeping in mind that the proof of the general formula
Trace (2E)s =
n=N∑
n=l
esn
for arbitrary s is a good exercise for students.
6 Harmonic oscillator
As in the previous section, the symmetry arguments will play a major part in finding an explicit
expression for the Hamiltonian of a harmonic oscillator. In the case of the usual space, this
Hamiltonian commutes with the components of the tensor of second rank (more precisely, with
every product containing an equal number of annihilation and creation operators and their
linear combination)
aia
∗
j , 1 ≤ i, j ≤ 3 [ai, aj] = 0, [a
∗
i , a
∗
j ] = 0, [a
∗
i , aj] = δi,j
H =
1
2
∑
(aia
∗
i + a
∗
i ai)
constructed of the creation and annihilation operators.
To find the generalization of this symmetry to the quantum space, let us consider algebra
(2.3) introducing a linear combination of momentum and coordinate variables (we continue our
consideration just for the case of O(5) algebra of the quantum space)
ai = δ
−1(pi + θxi), a
∗
i = δ
−1(pi + θ
∗xi)
Taking the parameter θ to satisfy the conditions
[ai, aj ] = 0, [a
∗
i , a
∗
j ] = 0
(the factor δ is introduced only with the aim not to rewrite the same formulae once more).
This is equivalent to the following quadratic equation
θ2
M2
+
2θ
S
+
1
L2
= 0,
(θ∗)2
M2
+
2θ∗
S
+
1
L2
= 0
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with the solution
θ
M2
= −
1
S
+
iδ
h
It is necessary to emphasize that the operators ai, a
∗
i belong to the algebra O(5, C), rather than
to O(5, C), but this is not essential in what follows. By a simple calculation, it is possible to
check that the constructed operators ai, a
∗
i satisfy the commutation relations
[I, ai] = −δai, [I, a
∗
i ] = δa
∗
, i[ai, a
∗
i ] = −ih(δi,j Iˆ +
ǫ(i, j, k)lk
S
where I = δIˆ. In the new notation, the Casimir operator of second order (2.4) takes the form
K2 = I
2 + δ2M2(
∑
(aia
∗
i + a
∗
iai) + δ
2 l
2
h2
≡ I2 +H
¿From the last expression, it follows that the Hamiltonian H commutes with all polynomials
constructed of creation and annihilation operators containing an equal number of them.
The eigenvalues are determined from the equation
Hψ = (N(N + 3)− Iˆ2)ψ
The eigenvalues of the operator I2 are equal to the squares of natural numbers m2 limited by
the condition
m2 ≤ (N − l)2
In the classical limit (the usual three-dimensional oscillator), the spectrum changes to the
well-known spectrum with a linear dependence on the principal quantum number.
7 Outlook
The main result of the present paper consists in finding the rules for working in quantized
spaces with the dimensional parameters L2,M2, S. We have shown that, in the general case
of a quantized space, the energy spectrum of the hydrogen atom (the Kepler problem) is
exactly the same as that obtained by Schro¨dinger in his known paper [2] who has considered
this problem in the space of constant curvature more than 50 years ago. The only difference
consists in that this spectrum is limited from the side of large principal quantum numbers of
the hydrogen atom.
It seems interesting to supplement the consideration with the interaction with a monopole
field (the so-called MIC problem), like it has been carried out in [7], and it is obvious that
this is possible without any big difficulties. It is also interesting to consider all other integrable
models in quantized spaces and to clearly understand the general connection between these two
background foundations of the theory of quantization of the space and integrability.
We pay attention of the reader that the algebra of the quantized space was chosen in the form
(2.3) under an implicit assumption of its linearity. But it is not less interesting to assume that
all coefficient functions of the algebra are nonlinear and depend on Lorentz-invariant quantities
such as p2, x2, .. and all other possible Lorentz-invariant combinations.
The next obvious generalization consists in the possibility to include, into the game, su-
perintegrable variables. This can be realized, for instance, by replacing the Poincare group of
motion of the space by its supergroup analog [8].
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It is obvious that the most interesting is the consideration and construction of the gauge
(or supergauge) field theory on the base of the quantized space.
And the last comment: As we have mentioned in the Introduction, the classical limit of
the theory of quantized spaces will give a dynamic picture of the world at distances ( and
other dimensional parameters) greater than L2,M2, S that is absolutely different from that
predicted by the classical celestial mechanics. So, the investigation of this question remains a
very interesting problem unsolved in the present paper.
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